
Algebraic Geometries: An Introduction

Introduction

Algebraic  geometry  is  a  branch  of  mathematics  that 

studies algebraic varieties, which are geometric objects 

defined by polynomial equations. It is a vast and active 

field of research, with applications to many other areas 

of  mathematics,  including  number  theory,  topology, 

and differential geometry.

This  book  is  an  introduction  to  algebraic  geometry, 

written for undergraduate and graduate students with 

a background in abstract algebra and linear algebra. It 

covers  the  basic  concepts  of  algebraic  geometry, 

including  algebraic  varieties,  regular  functions, 

differential  forms,  sheaves,  and  cohomology.  It  also 

includes some more advanced topics,  such as moduli 

spaces,  arithmetic  geometry,  and  algebraic  geometry 

and physics.
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One of the main themes of algebraic geometry is the 

study  of  moduli  spaces.  A  moduli  space  is  a  space 

whose points represent algebraic varieties of a given 

type. For example, the moduli space of elliptic curves is 

a  space  whose  points  represent  all  elliptic  curves. 

Moduli  spaces  are  important  because they provide a 

way to understand the structure of algebraic varieties.

Another important theme of algebraic geometry is the 

study of arithmetic geometry.  Arithmetic geometry is 

the  study  of  the  relationship  between  algebraic 

geometry  and number theory.  For  example,  one can 

use algebraic geometry to study Diophantine equations, 

which  are  equations  whose  solutions  are  integers. 

Arithmetic geometry is a very active area of research, 

and it  has  led to  many important  results  in  number 

theory.

Finally,  algebraic  geometry has  many applications  to 

physics.  For  example,  algebraic  geometry  is  used  in 

string  theory,  mirror  symmetry,  and  quantum 
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cohomology.  Algebraic  geometry  is  also  used  in 

topological  field  theories,  which  are  mathematical 

models of physical phenomena.

This  book  is  intended  to  be  a  gentle  introduction  to 

algebraic geometry. It is written in a clear and concise 

style, and it includes many examples and exercises to 

help the reader understand the material.
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Book Description

Algebraic  Geometries:  An  Introduction is  a 

comprehensive  and  accessible  introduction  to 

algebraic  geometry,  a  vast  and  active  field  of 

mathematics with applications to many other areas of 

mathematics, including number theory, topology, and 

differential geometry.

Written for undergraduate and graduate students with 

a background in abstract  algebra and linear algebra, 

this  book  covers  the  basic  concepts  of  algebraic 

geometry,  including  algebraic  varieties,  regular 

functions, differential forms, sheaves, and cohomology. 

It  also  includes  some more advanced topics,  such as 

moduli  spaces,  arithmetic  geometry,  and  algebraic 

geometry and physics.

One of the main themes of algebraic geometry is the 

study  of  moduli  spaces.  A  moduli  space  is  a  space 

whose points represent algebraic varieties of a given 
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type. For example, the moduli space of elliptic curves is 

a  space  whose  points  represent  all  elliptic  curves. 

Moduli  spaces  are  important  because they provide a 

way to understand the structure of algebraic varieties.

Another important theme of algebraic geometry is the 

study of arithmetic geometry.  Arithmetic geometry is 

the  study  of  the  relationship  between  algebraic 

geometry  and number theory.  For  example,  one can 

use algebraic geometry to study Diophantine equations, 

which  are  equations  whose  solutions  are  integers. 

Arithmetic geometry is a very active area of research, 

and it  has  led to  many important  results  in  number 

theory.

Finally,  algebraic  geometry has  many applications  to 

physics.  For  example,  algebraic  geometry  is  used  in 

string  theory,  mirror  symmetry,  and  quantum 

cohomology.  Algebraic  geometry  is  also  used  in 

topological  field  theories,  which  are  mathematical 

models of physical phenomena.
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Algebraic Geometries: An Introduction is written in 

a  clear  and  concise  style,  and  it  includes  many 

examples and exercises to help the reader understand 

the material. It is an ideal textbook for a one-semester 

or two-semester course in algebraic geometry, and it is 

also a valuable resource for researchers in other areas 

of mathematics and physics. 
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Chapter 1: Algebraic Varieties

Basic definitions

Algebraic varieties are the central objects of study in 

algebraic geometry. They are geometric objects that are 

defined by polynomial equations. For example, the set 

of  all  points  in  the  plane  that  satisfy  the  equation 

x2+ y2=1 is an algebraic variety, called a circle.

To define an algebraic variety more formally, we need 

to introduce the concept of an affine variety. An affine 

variety  is  a  set  of  points  in  an  n-dimensional  affine 

space that is defined by a set of polynomial equations. 

For  example,  the  set  of  all  points  in  the  plane  that 

satisfy the equation x2+ y2=1 is an affine variety.

We  can  also  define  projective  varieties.  A  projective 

variety is a set of points in an n-dimensional projective 

space  that  is  defined  by  a  set  of  homogeneous 

polynomial equations. For example, the set of all points 
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in  the  plane  that  satisfy  the  equation  x2+ y2=z2 is  a 

projective variety.

Affine and projective varieties are the two main types 

of  algebraic  varieties.  They  are  both  important  in 

algebraic geometry, and they have many applications 

in other areas of mathematics.

In this chapter,  we will  study the basic properties of 

algebraic  varieties.  We  will  learn  how  to  define 

algebraic varieties,  how to classify them, and how to 

study their geometry. We will also learn about some of 

the applications of algebraic varieties to other areas of 

mathematics.

The Dance of Light and Shadows

Algebraic varieties can be used to model a wide variety 

of  geometric  objects,  including  curves,  surfaces,  and 

higher-dimensional  objects.  They can also be used to 

model physical phenomena, such as the motion of light 

and sound.
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For example, the path of a light ray can be modeled by 

an  algebraic  variety.  The  equation  of  the  algebraic 

variety depends on the refractive index of the medium 

through which the light  is  traveling.  By studying the 

algebraic variety, we can learn about the path of the 

light ray.

Algebraic varieties are also used in computer graphics 

to  model  objects.  For  example,  a  sphere  can  be 

modeled by the equation x2+ y2+ z2=1. By manipulating 

the  equation  of  the  algebraic  variety,  we  can  create 

different shapes.

Algebraic  varieties  are  a  powerful  tool  for  studying 

geometry and physical  phenomena.  They have many 

applications in other areas of mathematics,  including 

number theory, topology, and differential geometry.
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Chapter 1: Algebraic Varieties

Affine varieties

Affine  varieties  are  one  of  the  most  basic  types  of 

algebraic  varieties.  They  are  defined  by  polynomial 

equations in several variables. For example, the affine 

plane  is  an  affine  variety  defined  by  the  equation 

x2+ y2=1.

Affine varieties have many important properties.  For 

example, they are smooth manifolds, which means that 

they are locally Euclidean. This means that they can be 

locally described by a set of coordinate functions. For 

example,  the  affine  plane  can  be  described  by  the 

coordinate functions x and y.

Affine varieties are also closed subsets of affine space. 

This means that they contain all of their limit points. 
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For  example,  the  affine  plane  is  a  closed  subset  of 

mat hbb R2.

Affine varieties are often used to study other types of 

algebraic  varieties.  For  example,  projective  varieties 

can be constructed by taking the closure of an affine 

variety in projective space.

Examples of affine varieties

There are many examples of affine varieties. Here are a 

few:

 The affine plane  mat hbb A2 is  an affine variety 

defined by the equation x2+ y2=1.

 The unit  ball  in  mat hbb R3 is  an affine variety 

defined by the equation x2+ y2+ z2≤1.

 The variety of all 2×2 matrices with determinant 

1  is  an  affine  variety  defined  by  the  equation 

ad−bc=1.

11



 The variety of all polynomials of degree at most n 

is  an  affine  variety  defined  by  the  equations 

a0+a1 x+⋯+an x
n=0.

Applications of affine varieties

Affine varieties have many applications in mathematics 

and physics. Here are a few examples:

 Affine varieties are used in algebraic geometry to 

study  the  geometry  of  algebraic  curves  and 

surfaces.

 Affine  varieties  are  used  in  number  theory  to 

study Diophantine equations.

 Affine varieties are used in physics to study the 

geometry of spacetime.
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Conclusion

Affine varieties are a fundamental concept in algebraic 

geometry.  They  are  used  to  study  a  wide  variety  of 

problems in mathematics and physics.
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Chapter 1: Algebraic Varieties

Projective varieties

Projective  varieties  are  a  generalization  of  affine 

varieties.  They  are  defined  by  homogeneous 

polynomials,  which are  polynomials  whose  terms all 

have  the  same  degree.  For  example,  the  polynomial 

x2+ y2+ z2 is homogeneous of degree 2.

Projective varieties are important because they provide 

a way to compactify affine varieties. Compactification 

is  a  process  of  adding  points  to  a  space  so  that  it 

becomes  closed  and  bounded.  For  example,  the  real 

line R can be compactified by adding two points, ∞ and 

−∞. This results in the extended real line  R∪{∞ ,−∞ }, 

which is a closed and bounded space.

Projective varieties can also be used to study birational 

geometry. Birational geometry is the study of rational 

maps between algebraic varieties. A rational map is a 

map  that  is  defined  by  a  ratio  of  polynomials.  For 
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example,  the  map  x↦ x
y

 is  a  rational  map  from  the 

affine plane A2 to the projective plane P2.

Projective  varieties  have  many  other  applications  in 

mathematics. For example, they are used in algebraic 

geometry, number theory, and topology. They are also 

used in physics,  where they are used to study string 

theory and other areas of theoretical physics.

In  this  chapter,  we  will  study  the  basic  concepts  of 

projective  varieties.  We  will  learn  how  to  define 

projective varieties, how to construct them, and how to 

study  their  properties.  We will  also  see  some of  the 

applications  of  projective  varieties  to  other  areas  of 

mathematics and physics.
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This extract presents the opening three 

sections of the first chapter.

Discover the complete 10 chapters and 

50  sections  by  purchasing  the  book, 

now available in various formats.

16



Table of Contents

Chapter  1:  Algebraic  Varieties *  Basic  definitions  * 

Affine  varieties  *  Projective  varieties  *  Examples  of 

algebraic varieties * Dimension of an algebraic variety

Chapter  2:  Regular  Functions  and  Differential 

Forms *  Regular  functions  *  Differential  forms  * 

Tangent  spaces  *  Vector  fields  *  Integration  on 

algebraic varieties

Chapter  3:  Sheaves  and  Cohomology *  Sheaves  * 

Cohomology groups * De Rham cohomology * Dolbeault 

cohomology * Intersection theory

Chapter 4:  Curves *  Plane curves * Elliptic  curves * 

Riemann  surfaces  *  Holomorphic  functions  * 

Meromorphic functions

Chapter  5:  Surfaces *  Classification  of  surfaces  * 

Singularities  of  surfaces  *  Intersection  theory  on 

surfaces  *  Divisors  on  surfaces  *  Riemann-Roch 

theorem

17



Chapter 6:  Abelian Varieties *  Definition of abelian 

varieties  *  Examples  of  abelian  varieties  *  Group 

structure  on  abelian  varieties  *  Endomorphisms  of 

abelian varieties * Applications of abelian varieties

Chapter  7:  Moduli  Spaces *  Definition  of  moduli 

spaces *  Moduli  spaces of  curves *  Moduli  spaces of 

surfaces  *  Moduli  spaces  of  abelian  varieties  * 

Applications of moduli spaces

Chapter 8: Algebraic Geometry and Number Theory 

*  Arithmetic  geometry  *  Diophantine  equations  * 

Elliptic curves and number theory * Modular forms * 

Galois representations

Chapter  9:  Algebraic  Geometry  and  Physics * 

Algebraic  geometry  and  string  theory  *  Mirror 

symmetry  *  Quantum  cohomology  *  Gromov-Witten 

theory * Topological field theories

Chapter 10: Algebraic Geometry and Representation 

Theory * Representation theory of algebraic groups * 

18



Geometric  invariant  theory  *  Quiver  varieties  *  Flag 

varieties * Schubert varieties 

19



This extract presents the opening three 

sections of the first chapter.

Discover the complete 10 chapters and 

50  sections  by  purchasing  the  book, 

now available in various formats.

20


	Algebraic Geometries: An Introduction
	Introduction
	Book Description
	Chapter 1: Algebraic Varieties
	Basic definitions

	Chapter 1: Algebraic Varieties
	Affine varieties
	Examples of affine varieties
	Applications of affine varieties
	Conclusion

	Chapter 1: Algebraic Varieties
	Projective varieties

	This extract presents the opening three sections of the first chapter.
	Discover the complete 10 chapters and 50 sections by purchasing the book, now available in various formats.
	Table of Contents
	This extract presents the opening three sections of the first chapter.
	Discover the complete 10 chapters and 50 sections by purchasing the book, now available in various formats.

