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Introduction

Welcome  to  the  fascinating  world  of  toric  varieties, 

where the beauty of convex geometry and the elegance 

of  algebraic  geometry  intertwine  to  reveal  profound 

insights into the structure of complex spaces. This book 

embarks on a journey to unveil the mysteries of toric 

varieties,  guiding  you  through  their  captivating 

interplay  and  showcasing  their  diverse  applications 

across various fields.

In this comprehensive exploration, we begin by delving 

into  the  fundamentals  of  toric  varieties,  establishing 

their connection with convex figures and uncovering 

their rich geometric properties. We then embark on a 
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visual odyssey, exploring the intricate architecture of 

toric  varieties  through  captivating  illustrations  and 

interactive  visualizations.  Along  the  way,  we  unveil 

their  profound  implications  in  algebraic  geometry, 

providing  a  deeper  understanding  of  line  bundles, 

projectivity, and birational transformations.

Venturing further, we unravel the topological tapestry 

of toric varieties, revealing their intricate cohomology 

rings  and  uncovering  the  secrets  of  their  Kähler 

structure and symplectic geometry. We delve into the 

realm  of  orbifolds  and  singularities,  encountering 

exceptional points that challenge our understanding of 

smooth spaces.  Through equivariant cohomology and 

localization  techniques,  we  illuminate  the  hidden 

symmetries that govern these extraordinary varieties.

The journey continues as we uncover the remarkable 

applications of toric varieties, spanning diverse fields 

from algebraic geometry and combinatorics to physics 

and  engineering.  We  witness  their  transformative 
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impact in data science, machine learning, optimization, 

and control  theory,  where they empower us to solve 

complex  problems  with  unprecedented  efficiency. 

Their  elegance  extends  to  computer  graphics  and 

visualization,  enabling  us  to  create  stunning  visual 

representations of complex data.

Throughout  this  exploration,  we  celebrate  the 

interdisciplinary  nature  of  toric  varieties,  forging 

connections with other branches of mathematics and 

igniting collaborations with fields as diverse as physics, 

computer  science,  economics,  and  biology.  We 

encounter toric varieties in the natural world, from the 

intricate  patterns  of  crystals  to  the  awe-inspiring 

architecture  of  seashells.  Their  profound  influence 

extends  to  mirror  symmetry,  representation  theory, 

and beyond,  revealing  a  hidden unity  that  underlies 

seemingly disparate mathematical concepts.

As we conclude our journey, we gaze into the future of 

toric  varieties,  envisioning  new frontiers  of  research 
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and  anticipating  groundbreaking  applications.  We 

ponder  open  problems  that  beckon  for  exploration, 

inviting  mathematicians  and  scientists  from  diverse 

disciplines to join the quest for deeper understanding. 

The legacy of toric varieties continues to inspire and 

intrigue,  promising  a  wealth  of  discoveries  that  will 

reshape  our  understanding  of  geometry  and  its 

profound implications across the sciences.
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Book Description

Embark on an enlightening journey into the realm of 

toric varieties, where the elegance of convex geometry 

intertwines  with  the  power of  algebraic  geometry  to 

unveil profound insights into the structure of complex 

spaces.  This  comprehensive  guide  invites  you  to 

explore  the  fascinating  world  of  toric  varieties, 

revealing  their  intricate  connections  with  a  diverse 

range  of  mathematical  disciplines  and  their 

transformative applications across various fields.

Written with clarity and precision, this book provides a 

thorough introduction to  toric  varieties,  meticulously 

guiding you through their fundamental  concepts and 

captivating  geometric  properties.  Delve  into  the 

intriguing interplay between convex figures and toric 

varieties,  gaining  a  deeper  understanding  of  their 

construction and visualization. Discover the profound 

implications of toric varieties in algebraic geometry, as 
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they illuminate the nature of line bundles, projectivity, 

and birational transformations.

Venturing  beyond  the  theoretical  foundations,  this 

book  delves  into  the  topological  tapestry  of  toric 

varieties,  unraveling  the  intricacies  of  their 

cohomology  rings  and  revealing  the  secrets  of  their 

Kähler structure and symplectic geometry.  Encounter 

the  captivating  world  of  orbifolds  and  singularities, 

where exceptional points challenge our understanding 

of  smooth  spaces.  Through  equivariant  cohomology 

and  localization  techniques,  uncover  the  hidden 

symmetries that govern these extraordinary varieties.

The  journey  continues  as  we  unveil  the  remarkable 

applications of toric varieties, spanning diverse fields 

from algebraic geometry and combinatorics to physics 

and engineering. Witness their transformative impact 

in  data  science,  machine  learning,  optimization,  and 

control  theory,  where  they  empower  us  to  solve 

complex  problems  with  unprecedented  efficiency. 
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Their  elegance  extends  to  computer  graphics  and 

visualization,  enabling  us  to  create  stunning  visual 

representations of intricate data.

Throughout  this  exploration,  we  celebrate  the 

interdisciplinary  nature  of  toric  varieties,  forging 

connections with other branches of mathematics and 

igniting collaborations with fields as diverse as physics, 

computer science,  economics,  and biology.  Encounter 

toric varieties in the natural world, from the intricate 

patterns of crystals to the awe-inspiring architecture of 

seashells. Their profound influence extends to mirror 

symmetry,  representation  theory,  and  beyond, 

revealing  a  hidden  unity  that  underlies  seemingly 

disparate mathematical concepts.

As you delve into this book, you will gain a profound 

appreciation  for  the  beauty  and  power  of  toric 

varieties, embarking on a journey of discovery that will 

reshape  your  understanding  of  geometry  and  its 

profound implications across the sciences. A wealth of 
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knowledge  awaits  you,  promising  a  transformative 

experience that  will  leave you inspired and eager to 

explore the frontiers of this captivating field.
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Chapter 1: Unveiling Toric Varieties

Introduction to Toric Varieties

In the realm of mathematics, there exists a captivating 

interplay between two seemingly distinct  worlds:  the 

geometric  beauty  of  convex  figures  and  the  abstract 

elegance of algebraic varieties. This harmonious union 

gives rise to a fascinating class of mathematical objects 

known as toric varieties.

Toric varieties emerge from the intersection of convex 

geometry  and  algebraic  geometry,  offering  a  unique 

perspective that illuminates both fields. Their journey 

begins  with  the  study  of  convex  figures,  such  as 

polytopes and polyhedra, which are geometric objects 

with flat faces and sharp edges. These seemingly simple 

figures  possess  remarkable  properties  that  lay  the 

foundation for understanding toric varieties.

As we delve deeper into the world of toric varieties, we 

encounter  their  intricate  structure,  characterized  by 
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fans,  cones,  and  moment  maps.  These  mathematical 

constructs  provide  a  framework  for  visualizing  and 

understanding the geometry of toric varieties. Through 

the interplay of convex figures and algebraic equations, 

toric  varieties  reveal  their  hidden  symmetries  and 

elegant patterns.

Venturing  further,  we  explore  the  rich  tapestry  of 

applications that  toric  varieties  offer.  They find their 

place  in  diverse  fields,  ranging  from  algebraic 

geometry  and  combinatorics  to  physics  and 

engineering.  Their  unique  properties  empower  us  to 

solve complex problems in data science, optimization, 

and  control  theory,  unlocking  new  possibilities  for 

scientific discovery and technological advancement.

The  study  of  toric  varieties  is  a  testament  to  the 

interconnectedness  of  mathematical  disciplines.  It 

showcases  how  seemingly  disparate  branches  of 

mathematics  can  converge  to  create  a  unified  and 

powerful  framework  for  understanding  the  world 
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around  us.  Toric  varieties  stand  as  a  beacon  of 

mathematical  beauty  and  interdisciplinary 

collaboration,  inviting  us  to  unravel  their  mysteries 

and harness their power to solve real-world problems.

The Dance of Light and Shadows

Toric varieties possess a captivating visual allure that 

has  inspired  artists,  mathematicians,  and  scientists 

alike.  Their  intricate  geometry  can  be  represented 

through  stunning  visualizations,  revealing  intricate 

patterns  and  hidden  symmetries.  Like  dancers  in  a 

cosmic ballet,  toric varieties move gracefully through 

the  realms  of  geometry,  casting  shadows  of 

mathematical beauty upon the world.

A Bridge Between Worlds

Toric varieties serve as a bridge between the concrete 

world  of  convex  figures  and  the  abstract  realm  of 

algebraic  varieties.  They  provide  a  tangible 

representation  of  algebraic  concepts,  allowing  us  to 
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visualize and manipulate complex mathematical ideas. 

This interplay between geometry and algebra eröffnet 

new avenues for  exploration and discovery,  blurring 

the  boundaries  between  different  mathematical 

disciplines.
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Chapter 1: Unveiling Toric Varieties

Convex Figures and Their Significance

Convex figures,  with their  simple yet  elegant  shapes, 

hold  profound  significance  in  the  realm  of  toric 

varieties. They serve as the building blocks from which 

these captivating geometric objects arise,  providing a 

tangible link between the abstract world of algebra and 

the familiar world of geometry.

In this chapter, we embark on a journey to explore the 

intricate relationship between convex figures and toric 

varieties.  We begin  by  delving  into  the  fundamental 

properties of convex figures, uncovering their unique 

characteristics  and  unveiling  their  geometric  charm. 

From polytopes and polyhedra to faces,  vertices,  and 

edges,  we  unravel  the  inner  workings  of  these 

fascinating shapes.

Venturing  further,  we  establish  the  connection 

between convex figures and toric varieties. We witness 
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how the intricate  arrangement  of  facets  in  a  convex 

figure gives rise to the rich structure of a toric variety. 

This interplay between geometry and algebra reveals a 

deep-seated  unity  that  underlies  seemingly  disparate 

mathematical concepts.

The significance of convex figures in the study of toric 

varieties  extends  far  beyond  their  role  as  mere 

building  blocks.  They  provide  a  powerful  tool  for 

visualizing  and  understanding  these  complex 

geometric spaces. Through convex figures, we can gain 

insights  into  the  topology,  geometry,  and  algebraic 

properties of toric varieties.

Moreover,  convex  figures  serve  as  a  bridge  between 

toric  varieties  and  other  branches  of  mathematics. 

They  enable  us  to  apply  techniques  from  convex 

geometry,  algebraic  geometry,  and  topology  to  the 

study of toric varieties,  fostering cross-fertilization of 

ideas and leading to groundbreaking discoveries.
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As we delve deeper into the world of toric varieties, we 

will  continually  encounter  the  profound  impact  of 

convex figures. They will guide us through the intricate 

landscapes of these geometric wonders, revealing their 

hidden symmetries and unlocking their deepest secrets.
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Chapter 1: Unveiling Toric Varieties

Constructing  Toric  Varieties  from  Convex 

Figures

From  the  realm  of  convex  figures,  we  can  conjure 

fascinating geometric spaces known as toric varieties. 

These  varieties  emerge  as  a  captivating  interplay 

between  the  simplicity  of  convex  geometry  and  the 

intricacies  of  algebraic  geometry,  revealing profound 

insights into the structure of complex spaces.

To  embark  on  this  construction,  we  begin  with  a 

convex  figure,  a  geometric  shape  defined  by  the 

intersection of finitely many half-spaces in Euclidean 

space.  This  seemingly  simple  object  holds  the  key  to 

unlocking a hidden world of complex geometry.

We associate each vertex of the convex figure with a 

complex variable, creating a correspondence between 

the vertices  and the coordinates  of  a  complex space. 

This  association,  known  as  the  moment  map, 
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establishes a bridge between the convex figure and the 

toric variety.

As we traverse the edges and faces of the convex figure, 

we uncover the intricate structure of the toric variety. 

Each  edge  corresponds  to  a  one-dimensional 

subvariety,  while  each face  corresponds  to  a  higher-

dimensional  subvariety.  The  arrangement  of  these 

subvarieties  within  the  toric  variety  mirrors  the 

geometric relationships within the convex figure.

This construction unveils a profound duality between 

the convex figure and the toric variety. The properties 

of  the convex figure,  such as  its  vertices,  edges,  and 

faces, are reflected in the structure of the toric variety. 

Conversely, the geometric features of the toric variety 

can  be  understood  through  the  lens  of  the  convex 

figure.

The process of constructing toric varieties from convex 

figures  provides  a  powerful  tool  for  exploring  and 

visualizing complex geometry. It allows us to translate 
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abstract  algebraic  concepts  into  tangible  geometric 

objects, making them more accessible and intuitive to 

comprehend.

Furthermore,  this  construction  establishes  a  deep 

connection between two seemingly disparate branches 

of  mathematics,  bridging  the  gap  between  convex 

geometry and algebraic geometry. It opens up avenues 

for cross-fertilization of ideas and techniques, leading 

to new insights and discoveries in both fields.
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This extract presents the opening three 

sections of the first chapter.

Discover the complete 10 chapters and 

50  sections  by  purchasing  the  book, 

now available in various formats.
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